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Abstract
In this paper, we consider a semilinear heat equation ut = u + c(x, t)up for (x, t) ∈ Ω × (0,∞) with nonlinear and nonlocal
boundary condition u|∂Ω×(0,∞) =
∫
Ω k(x, y, t)u
l dy and nonnegative initial data where p > 0 and l > 0. We prove global exis-
tence theorem for max(p, l) 1. Some criteria on this problem which determine whether the solutions blow up in a finite time for
sufficiently large or for all nontrivial initial data or the solutions exist for all time with sufficiently small or with any initial data are
also given.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we consider the following nonlocal initial boundary value problem:⎧⎨⎩
ut = u + c(x, t)up for x ∈ Ω, t > 0,
u(x, t) = ∫
Ω
k(x, y, t)ul(y, t) dy for x ∈ ∂Ω, t > 0,
u(x,0) = u0(x) for x ∈ Ω,
(1.1)
where Ω is a bounded domain in Rn for n  1 with a smooth boundary ∂Ω , p > 0 and l > 0. Here c(x, t) is a
nonnegative locally Hölder continuous function defined for x ∈ Ω and t  0 and k(x, y, t) is a nonnegative continuous
function defined for x ∈ ∂Ω , y ∈ Ω and t  0. The initial datum u0(x) is a nonnegative continuous function satisfying
the boundary condition at t = 0.
Over the last twenty years, many physical phenomena were formulated into nonlocal mathematical models [2–4,6,
14,17,19,22]. Galaktionov and Levine [15] and Laptev [18] studied the blow-up phenomena for the Cauchy problem
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for such equations have been considered, for example, in [1,7,12,20,21]. In particular, the authors in [1,12,20] inves-
tigated global existence and blow-up problems. Initial boundary value problem for diffusion and reaction–diffusion
equations with linear boundary condition in the second equation of (1.1) has been analyzed by many authors (see,
for example, [9,13,23]). Local and global existence, comparison principle and various qualitative properties, includ-
ing asymptotic behavior of the solutions, have been discussed. The stability of global solutions was investigated by
Deng [10,11] for a initial boundary value problem with nonlinear and nonlocal Neumann boundary condition in the
Burgers’ equation. Local existence and some blow-up results have been obtained also. The initial boundary value
problem for semilinear Euler–Poisson–Darboux equation with a boundary condition in (1.1) for one-dimensional case
was considered by Chan and Zhu [5] and some blow-up results were obtained. For the additional references, readers
can see survey papers in [8,20].
Comparison principle, the uniqueness of solution with any initial data for min(p, l) 1 and with nontrivial initial
data otherwise, nonuniqueness of solution with trivial initial data for p < 1 or l < 1, local existence theorem for
problem (1.1) have been proved in [16]. The aim of this paper is to give some criteria for the existence of global
solutions as well as for a blow-up of solutions in a finite time. Our global existence and blow-up results depend on the
behavior of the coefficients c(x, t) and k(x, y, t) as t tends to infinity.
The plan of this paper is as follows: In Section 2, we prove global existence theorem for max(p, l)  1; general
analysis of the blow-up problem we give in Section 3 and present there the nonexistence of global solutions for
sufficiently large initial data, global nonexistence of all nontrivial solutions as well as global existence for sufficiently
small initial data; and finally in Section 4 we study the particular cases either p = 1 or l = 1.
2. Global existence
We denote QT = Ω × (0, T ). In this paper, we use the following natural definition of solution, sub- and superso-
lution.
Definition 2.1. We say that a nonnegative function u ∈ C2,1(QT )∩C(QT ) is a subsolution of problem (1.1) in QT if⎧⎨⎩
ut u + c(x, t)up for x ∈ Ω, 0 < t < T,
u(x, t)
∫
Ω
k(x, y, t)ul(y, t) dy for x ∈ ∂Ω, 0 < t < T,
u(x,0) u0(x) for x ∈ Ω,
(2.1)
and u ∈ C2,1(QT ) ∩ C(QT ) is a supersolution if u  0 and it satisfies (2.1) in the reverse order. We say that u is a
solution of problem (1.1) in QT if it is both a subsolution and a supersolution of (1.1) in QT . Further, we say that u
is a global solution of problem (1.1) if it is a solution of (1.1) in QT for any T > 0.
We shall also use repeatedly the notions of strict sub- and supersolution.
Definition 2.2. We say that u is a strict subsolution of the problem (1.1) in QT if it is a subsolution in QT and the
second inequality in (2.1) is strict. Analogously we say that u is a strict supersolution of the problem (1.1) in QT if it
is a supersolution in QT and the second inequality in (2.1) is reversed and strict.
To prove our global existence and blow-up results we need the property of positiveness of solution for t > 0 and Ω
and the comparison principle which have been proved in [16].
Lemma 2.3. Let u0 is a nontrivial function in Ω and assume that
k(x, ·, t) ≡ 0 for any x ∈ ∂Ω and 0 < t  T . (2.2)
Suppose that u is the solution of (1.1) in QT . Then u > 0 in QT for t > 0.
Theorem 2.4. Let v and u be a nonnegative supersolution and a nonnegative subsolution of problem (1.1) in QT ,
respectively, and v(x,0) > u(x,0) in Ω. Suppose that either (2.2) holds or v is a strict supersolution. Then v(x, t) >
u(x, t) in QT .
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continuation principle and the construction of supersolution.
Theorem 2.5. Let max(p, l)  1. Then problem (1.1) has global solutions for any coefficients c(x, t) and k(x, y, t)
and any nonnegative initial data.
Proof. Let T be any positive number. We construct a strict supersolution of (1.1) in QT . Suppose that 0 < l < 1. By
the conditions for c(x, t) and k(x, y, t), we have c(x, t)M and k(x, y, t)M in QT and ∂Ω × QT , respectively,
where M is some positive constant. It is easy to verify that a function v(t) = C exp(βt) is a strict supersolution of (1.1)
if β M and C > max{supΩ u0(x), (M|Ω|)1/(1−l),1}. In the case that l = 1, v(t) is a strict supersolution of (1.1) if
and only if∫
Ω
k(x, y, t) dy < 1 for all x ∈ ∂Ω, 0 t  T . (2.3)
Therefore, when (2.3) is not valid we need another strict supersolution. Let us consider the eigenvalue problem given
by
ϕ + λϕ = 0 in Ω with ϕ|∂Ω = 0. (2.4)
Denote its first eigenvalue λ1 and the corresponding eigenfunction ϕ is chosen to satisfy that for some 0 < ε < 1,
M
∫
Ω
1
ϕ(y) + ε dy  1. (2.5)
Now, let v(x, t) be defined as
v(x, t) = C exp(γ t)
ϕ(x) + ε . (2.6)
Then we have that
vt − v − c(x, t)vp  γ v − v
(
λ1ϕ
ϕ + ε +
2|∇ϕ|2
(ϕ + ε)2
)
− Mv  0, (2.7)
if
C  sup
Ω
(ϕ + ε) and γ  λ1 + M + sup
Ω
2|∇ϕ|2
(ϕ + ε)2 . (2.8)
It is clear from (2.5)–(2.8) that v(x, t) is a strict supersolution of problem (1.1) in QT if C > supΩ u0(x) supΩ(ϕ + ε)
in addition. 
3. Blow-up and global existence for max(p, l) > 1
In this section we shall get some blow-up results for problem (1.1). The conditions for the existence of nonnegative
global solutions of problem (1.1) with small initial data are also given.
Let ϕ be the eigenfunction of problem (2.4) corresponding to the first eigenvalue λ1, which is chosen to satisfy that∫
Ω
ϕ(x)dx = 1. Now, we denote
ϕs = sup
Ω
ϕ(x) (3.1)
and introduce an auxiliary function
w(t) =
∫
Ω
u(x, t)ϕ(x) dx. (3.2)
Further, we consider the Cauchy problem given by one of the following equations:
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v′(t) = −λ1v + c0(t)vp for p > 1, 0 < l < 1,
v′(t) = −λ1v + k0(t)vl for 0 < p < 1, l > 1,
v′(t) = −λ1v + c0(t)vp + k0(t)v for p > 1, l = 1,
v′(t) = −λ1v + c0(t)v + k0(t)vl for p = 1, l > 1,
v′(t) = −λ1v + c0(t)vp + k0(t)vl for p > 1, l > 1,
(3.3)
with initial data
v(0) = w(0) =
∫
Ω
u0(x)ϕ(x) dx, (3.4)
where
c0(t) = inf
Ω
c(x, t) and k0(t) = λ1
ϕs
inf
∂Ω×Ω
k(x, y, t).
Note here that the solutions for any equation in (3.3) can be written in explicit form with the exception of the last one.
Theorem 3.1. Let max(p, l) > 1 and the Cauchy problem (3.3), (3.4) does not have a global solution. Then the
solution of (1.1) blows up in a finite time.
Proof. We suppose for the definiteness that p > 1 and 0 < l < 1, since the proof of other cases is similar. Multiplying
both sides of the first equation in (1.1) by ϕ(x) and integrating over Ω , we have
w′(t) =
∫
Ω
(
u + c(x, t)up)ϕ(x)dx.
Then using (2.4), Green’s identity and the equality ∫
∂Ω
∂ϕ
∂ν
ds = −λ1, we obtain
w′(t) =
∫
Ω
(−λ1u + c(x, t)up)ϕ(x)dx − ∫
∂Ω
∂ϕ
∂ν
(∫
Ω
k(x, y, t)ul(y, t) dy
)
ds

∫
Ω
(−λ1u + c0(t)up + k0(t)ul)ϕ(x)dx. (3.5)
Further, since p > 1, Jensen’s inequality can be applied to (3.5) to get w′(t)−λ1w+ c0(t)wp. Thus, from the com-
parison principle for ordinary differential equations and by the hypothesis of this theorem, the conclusion follows. 
Remark 3.2. Note that from Theorem 3.1, we can get conditions for nonexistence of global solutions of (1.1) for all
sufficiently large initial data. For example, it is not hard to verify that there are not global solutions in the case that
p > 1, if
w(0) >
[
(p − 1)
∞∫
0
c0(t) exp
[
(1 − p)λ1t
]
dt
]− 1
p−1
and in the case that l > 1, if
w(0) >
[
(l − 1)
∞∫
0
k0(t) exp
[
(1 − l)λ1t
]
dt
]− 1
l−1
.
In particular, there are not nontrivial nonnegative global solutions of (1.1) if p > 1 and
∞∫
c0(t) exp
[
(1 − p)λ1t
]
dt = ∞, (3.6)0
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∞∫
0
k0(t) exp
[
(1 − l)λ1t
]
dt = ∞. (3.7)
As we shall show later in Theorem 3.5, the conditions (3.6) and (3.7) are exact in some sense.
The following Theorem 3.3 shows that for any nontrivial nonnegative initial data and under some conditions on the
coefficients c(x, t) and k(x, y, t), there do not exist global solutions of (1.1). For the simplicity of our notation, we
denote P(u, t) ≡ −λ1u + c0(t)up + k0(t)ul and let δ(t) be any nonnegative function such that
∞∫
0
δ(t) dt = ∞. (3.8)
Theorem 3.3. Let max(p, l) > 1 and P(u, t) δ(t)umax(p,l) for any u 0 and t  0. Then any solution of (1.1) with
nontrivial initial datum blows up in a finite time.
Proof. By similar arguments in Theorem 3.1, we have from (3.5) that
w′(t)
∫
Ω
P(u, t)ϕ(x) dx. (3.9)
Suppose max(p, l) = p, then we have P(u, t) δ(t)up . Otherwise, similar arguments hold replacing p by l. Substi-
tuting δ(t)up instead of P(u, t) in (3.9) and using Jensen’s inequality, we obtain that w′(t) δ(t)wp , which in turn
leads to
w(t)
[
w(0)−(p−1) − (p − 1)
t∫
0
δ(τ ) dτ
]− 1
p−1
.
Thus, from the definition of δ(t) in (3.8), w(t) blows up in a finite time for any w(0) > 0. 
Remark 3.4. Assume that c0(t)  c0 and k0(t)  k0, where c0 and k0 are positive constants. Then we can show
similarly that the conclusion in Theorem 3.3 holds with an assumption that for max(p, l) > 1,
−λ1u + c0up + k0ul > 0 for all u > 0. (3.10)
Indeed, it is not difficult to get from (3.10) that P(u, t) εup if p > 1 and P(u, t) εul if l > 1 for some positive ε
and for all u 0 and t  0.
Now we shall show the existence of global solutions of problem (1.1) for sufficiently small initial data. Put c1(t) =
supΩ c(x, t). We suppose in the following statement that
∞∫
0
c1(t) exp (−γ t) dt < ∞ for some γ < (p − 1)λ1, (3.11)
and that for x ∈ ∂Ω , t  0 and some A> 0 and σ < (l − 1)λ1∫
Ω
k(x, y, t) dy A exp (σ t), (3.12)
where λ1 is the first eigenvalue of problem (2.4).
Theorem 3.5. Let min(p, l) > 1 and (3.11), (3.12) hold. Then there exist nonnegative solutions of (1.1) with sufficiently
small initial data, which are globally bounded.
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on Ω˜ with homogeneous Dirichlet boundary condition which satisfies the inequality given by
max
(
σ
l − 1 ,
γ
p − 1
)
 λ˜ < λ1. (3.13)
Denote ϕ(x) an eigenfunction corresponding to the eigenvalue λ˜, then it is obvious
supΩ˜ ϕ
infΩ ϕ
< a (3.14)
for some a > 1. Now, choosing any ε which satisfies the inequality
0 < ε 
(
Aal
)− 1
l−1 , (3.15)
and taking
sup
Ω˜
ϕ(x) = aε, (3.16)
we see from (3.14) that
inf
∂Ω
ϕ(x) > ε. (3.17)
Next, for any T > 0, we construct a strict supersolution v(x, t) of (1.1) in QT in such a form that v(x, t) = ϕ(x)f (t)
where
f (t) = exp (−λ˜t)
[
B − (p − 1)(aε)p−1
t∫
0
c1(τ ) exp
[−(p − 1)λ˜τ ]dτ]− 1p−1 ,
B = 1 + (p − 1)(aε)p−1
∞∫
0
c1(τ ) exp
[−(p − 1)λ˜τ ]dτ.
Then, since f (t) is a solution of the equation
f ′ + λ˜f − (aε)p−1c1(t)f p = 0,
v(x, t) satisfies the inequality vt  v + c(x, t)vp . By exploiting (3.11)–(3.13), (3.15)–(3.17) and the definition
of f (t), we obtain for x ∈ ∂Ω and t > 0, that
v(x, t) > εf (t)A(aε)lf (t)
∫
Ω
k(x, y, t)ϕl(y)f l(t) dy.
Thus, by comparison principle, there exist global solutions of (1.1) for any nonnegative initial data such that u0(x) <
B
− 1
p−1 ϕ(x). 
4. The case either p = 1 or l = 1
We can get more information for global existence and blow-up in a finite time of solutions for (1.1) when either
p = 1 or l = 1. The following statement deals with the case that p = 1 with l > 1 and needs two new assumptions that
∞∫
0
k0(t) exp
[
(l − 1)(β − λ1)t
]
dt = ∞, (4.1)
∫
Ω
k(x, y, t) dy M exp
[−(l − 1)(γ − λ1)t] for x ∈ ∂Ω, t  0, (4.2)
where β  0, M > 0 and γ > 0.
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initial datum blows up in a finite time. On the other hand, if
c(x, t) c < γ (4.3)
with some constant c and (4.2) is valid, then there exist nonnegative solutions of (1.1) with sufficiently small initial
data, which are globally bounded.
Proof. To show the first part of this theorem, we note from (3.5) that w′(t)  (β − λ1)w + k0(t)wl, where w(t)
is defined in (3.2). Changing the function w(t) = v(t) exp [(β − λ1)t], we get v′(t) vlk0(t) exp [(l − 1)(β − λ1)t].
Thus the conclusion follows from the arguments of Theorem 3.3.
We now prove the latter part of this theorem. Let
λ1 − (γ − c) < λ˜ < λ1. (4.4)
As in the proof of Theorem 3.5 we consider eigenfunction ϕ(x) which satisfies (3.16) and (3.17), where
0 < ε 
[
1
alM
] 1
l−1
. (4.5)
Then u¯ = ϕ(x) exp [(c − λ˜)t] is a strict supersolution of (1.1) in QT . Indeed,
u¯t u¯ − c(x, t)u¯.
On the other hand, by (3.16), (3.17), (4.2), (4.4) and (4.5), we obtain∫
Ω
k(x, y, t)u¯l(y, t) dy  (aε)l exp
[
l(c − λ˜)t]M exp [−(l − 1)(γ − λ1)t]
 ε exp
[
(c − λ˜)t]< u¯(x, t) for x ∈ ∂Ω, t  0.
Thus, by comparison principle, there exist global solutions of (1.1) for any nonnegative initial data such that
u0(x) < ϕ(x). 
Now we demonstrate the exactness of Theorem 4.1 in two remarks.
Remark 4.2. It is not difficult to deduce from Theorem 4.1 an optimality of exponents in exponential functions of the
conditions (4.1) and (4.2).
Remark 4.3. To explain a presence of c in (4.3) we put γ = λ1 and suppose that k(x, y, t) ≡ M0 > 0 and
c(x, t) = λ1 − δ(t), where a nonnegative function δ(t)  λ1 will be specified later. Then, by (3.5) we have that
w′(t)−δ(t)w(t) + M1wl, where M1 = λ1M0/ϕs and w(t) is defined in (3.2). Now we consider the Cauchy prob-
lem
g′(t) = −δ(t)g(t) + M1gl for g(0) = α > 0, (4.6)
where the solution g(t) of (4.6) can be written as
g(t) =
{
α−(l−1) exp
[
(l − 1)
t∫
0
δ(τ ) dτ
]
− (l − 1)M1
t∫
0
exp
[
(l − 1)
t∫
τ
δ(s) ds
]
dτ
}− 1
l−1
.
It is obvious that g(t) blows up in a finite time for all α > 0 if, for example,
∞∫
δ(t) dt < ∞. (4.7)0
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that for any w(0) > 0 function w(t) exists only finite time if δ(t) satisfies (4.7). Therefore, any solution of (1.1) with
nontrivial nonnegative initial datum blows up in a finite time. Hence, under the condition (4.2) and the inequality
c(x, t) < γ, problem (1.1) cannot have nontrivial global solutions.
The following Theorem 4.4 is the case when l = 1 and p > 1. Any solution of (1.1) blows up with the conditions
that
∞∫
0
c0(t) dt = ∞ and
∫
Ω
k(x, y, t) dy  1 for x ∈ ∂Ω, t  0, (4.8)
and conversely there exist global solutions of (1.1) with small initial data and the conditions that
c(x, t)M for x ∈ Ω, t  0, and
∫
Ω
k(x, y, t) dy K < 1 for x ∈ ∂Ω, t  0. (4.9)
Theorem 4.4. Let l = 1 and p > 1. If c(x, t) and k(x, y, t) satisfy (4.8), then any solution of (1.1) with nontrivial
nonnegative initial datum blows up in a finite time. If (4.9) holds, then there exist nonnegative solutions of (1.1) with
sufficiently small initial data, which are globally bounded.
Proof. We suppose firstly that (4.8) holds. Let t0 > 0 and u(x, t) be a solution of (1.1). By Lemma 2.3 there exists
ε > 0 such that u(x, t0) ε for any x ∈ Ω. It is not difficult to verify that
h(t) =
[
ε−(p−1) − (p − 1)
t∫
t0
c0(τ ) dτ
]− 1
p−1
is the subsolution of the problem (1.1) in QT ∩{t > t0} for any t0 < T < T, where T is determined from the equality
T∫
t0
c0(τ ) dτ = 1
(p − 1)ε(p−1) .
Because h(t) blows up in a finite time we get conclusion by comparison principle.
To prove the second part of this theorem we can construct domain Ω˜ such that a  1/K in (3.14) and then apply
the arguments of Theorem 4.1 with
0 < ε  1
a
inf
x∈Ω, t0
[
λ˜
c(x, t)
] 1
p−1
. 
Remark 4.5. We note here an importance of divergence of the integral in (4.8) for conclusion of the first part of
Theorem 4.4. Assume that
c(x, t) = c0(t),
∞∫
0
c0(t) dt < ∞ and
∫
Ω
k(x, y, t) dy = 1 for x ∈ ∂Ω, t  0.
Then the solutions of (1.1) exist globally for sufficiently small initial data. Indeed, we can show directly that the
function
y(t) =
[
β−(p−1) − (p − 1)
t∫
0
c0(τ ) dτ
]− 1
p−1
is a supersolution of (1.1) if u0(x) < β and 0 < β < [(p − 1)
∫∞
c0(t) dt]−
1
p−1 .0
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that
∞∫
0
c0(t) dt = ∞ and 0 <
∫
Ω
k(x, y, t) dy < 1 for x ∈ ∂Ω, t  0, (4.10)
any solution of (1.1) with nontrivial nonnegative initial datum blows up in a finite time. Note that there exists wide
class functions c(x, t) which satisfy both first conditions in (4.9) and (4.10). However, if (4.9) is valid, then for
sufficiently small initial data there exist nonnegative globally bounded solutions of (1.1).
Theorem 4.6. Let l = 1 and p > 1. Then there exist functions c(x, t) and k(x, y, t) with properties (4.10) such that
any solution of (1.1) with nontrivial nonnegative initial datum blows up in a finite time.
Proof. To prove theorem we construct a subsolution of (1.1) which blows up in a finite time. By Lemma 2.3 for any
t0 > 0 there exists ε > 0 such that
u(x, t0) > ε for x ∈ Ω. (4.11)
Let α(t) be a smooth function which satisfies the following relations:
α(0) = 1
ϕs
, α(t) > 0, α′(t) 0 and
∞∫
0
α(t) dt < ∞, (4.12)
where ϕs was defined in (3.1). Put
k(x, y, t) ≡ k(t) = 1
α(t) + |Ω| , (4.13)
then obviously,∫
Ω
k(x, y, t) dy < 1 and
∫
Ω
k(x, y, t) dy → 1 as t → ∞.
Now, let f (t) be the solution of the following problem:{
f ′(t) = −λ1ϕsα(t)f (t) + c0(t)f p(t) for t > t0,
f (t0) = ε2 .
(4.14)
Then f (t) can be written in an explicit form that
f (t) =
{(
2
ε
)p−1
exp
[
(p − 1)λ1ϕs
t∫
t0
α(τ) dτ
]
− (p − 1)
t∫
t0
c0(τ ) exp
[
(p − 1)λ1ϕs
t∫
τ
α(s) ds
]
dτ
}− 1
p−1
,
and thus f (t) exists only for t < Tε < ∞. Now, we set
u(x, t) = f (t)[α(t)ϕ(x) + 1], (4.15)
where ϕ(x) satisfies (2.4) with ∫
Ω
ϕ(x)dx = 1. Then u(x, t) is a subsolution of problem (1.1) in QT ∩ {t > t0} for
any t0 < T < Tε. Indeed, exploiting (2.4), (4.12), (4.14) and (4.15), we get
ut − u − c(x, t)up  f ′(αϕ + 1) + λ1αϕf − c0(t)(αϕ + 1)pf p  0.
Further, by (4.13) and (4.15), we have
u(x, t) =
∫
Ω
k(x, y, t)u(y, t) dy for x ∈ ∂Ω, t > 0,
and, moreover, using (4.11), (4.12), (4.14) and (4.15), we find that u(x, t0) < u(x, t0). Thus, the conclusion follows
from Theorem 2.4. 
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